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Abstract

We review the basic concepts of stochastic integration
and reformulate it in terms of a Banach four-normed *-
algebra with the associative product given by the stochas-
tic covariation. We show that this nonunital algebra has
two nilpotent first and second order *-ideals with the C*-
normed quotient algebra, being a generalization of the
C*-algebra corresponding to the only nontrivial operator
norm. The noncommutative generalization of this algebra
called B*-algebra leads to the *-algebraic theory of quan-
tum stochastic integration developed in [1-4]. The main
notions and results of classical and quantum stochastic
analysis are reformulated in this unifying approach. The
general Le vy process is defined in terms of the modular
B*-1to algebra and the corresponding quantum stochastic
master equation on the predual space of a W*-algebra is
derived as a noncommutative version of the Zakai equa-
tion driven by the process. This is done by a noncommu-
tative analog of the Girsanov transformation, which we
introduce in full generality here.



Quantum adapted integrable processes

Let <Dt) be an increasing family of unital pre-C*-algebras

05 C 9! V0 < s < t embedded into their L1-completions
[5 C I* w.r.t. a faithful state 1 € [ defining the pairing

(dqd*|p) = (dalpd) = (ald'pd) Vvd,q €d’,pe

with real values {qq*|p) > 0 on the positive p = did
dominated by 1 = 1T € [ for a faithful (qq*|1). We
assume that 1 € [ admits the conditional expectation
EL:0—0tond =00t EToEl =E"V r,t € Ry sit.

Ef (1) = 1, Ef (d’fpd) =d'E'(p)d Vpeldel.

Let (Dt> be projective family of continuous adapted
functions q(s) € 2% on [0,t[ and D = Y;~oD!. An
adapted process X : t — X; € [t is called locally inte-
grable if X € L, where £ = D¥ is the dominated (by
1(t) = 1) dual space of locally L'-adapted functions
p(t) € It w.rt. the integral pairing

(alp) = [ (@@ Ip(®))dt VgeD,pe L.



The quantum [t6 semimatingales

We consider adapted quantum [t6 processes X = (X¢)
formally defind as the special semimartingales

xt—xT:/:k(s).dB(s)z/\i(k).

Here k(t) = {X > s+ k(t,)} are adapted inte-
grands indexed by a measurable set X with an isolated
point @ € X invariant under a reflection s — —u¢

Vie=—(—xn)€ X andalcs Xo=X\0Os.t.

t t
AL (k) :/ / k (s, ) dB (¢, d>) +/ k (s, ) ds,
Tr o) r
where B (%, -) is a martingale-valued measure on X and
t
E” [AL (k)] :/ k(s,0)ds = e [X;] — € [Xy]
Tr
is given by B(t,®) = t1 = B (t) as a.c. variation of
t
e[X], = Xo +/0 k7 (s)ds

for ki (t) := k(t,@) = e[k (t)]. We assume that
B* (t,ds) := B (t, —ds)" = B (¢,ds) Vds»x € F(X).



The quantum stochastic covariation

Assuming instead of independence only commutativity
X dB (t,-) = dB (¢, ) Xy VX; € 0,

we have A (k)T = A (k*), where k* (¢, ) = k (¢, 3)T,
and threfore X = XJ 4 AL (k*).

Moreover, we shall assume that the stochastic covaria-
tion, defined if X¢,Y; € d¢ for all t € R by
X; Y], == /Ot [d (XsYs) — (dXs) Ys — Xs (dYs)],
can be written in terms of an associative 1t6 product
(k.dB)(h.dB)=(k-h).dB
of noncommuting dX = k.dB and dY = h.dB as

[X;Y]t:/OthdY:/Ot(k:-h).dB.

In other words, the quantum [t6 semimartingales form
a nonunital f-algebra w.r.t. [-;-] given by an associa-
tive quantum It6 x-algebra of the corresponding QS in-
tegrands k (t) as the QS derivatives Dy (t) of X at ¢.



The generalized H-Schmidt module

A right 0-module b is called Hilbert-Schmidt (HS) if it is
Hilbert space with respect to the scalar product

(kalh) := (alkTh) Vvk,h € b,q €.

given by the left acion h°® : g — hq of h = h®°1 = h°
on 0 with the adjoint action of hT = h, into of defining
the [-valued inner product hTk := hok®.For the nonunital
D = Ly the right HS module K is defined in the gen-
eralized sense as the space of left adjointable operators
k4 @ Ly — Ky, into the Frechet space Ky = KD dense
w.r.t. ||[k°d||? = (k°d|k°d) in the Hilbert space H C K.
Thus, K° = K is right and o = KT is left D-module
with adjoint inner products

(k°|h°) := koh® = (holko)| € DI WK = kI, h° = K.

Note that since ¢ = ¢* for any central ¢ € C (D),
cSk = ke Vk € K and ¢(t) € ¢! is naturally amalgmated
into £ (f)t) for bt = K (¢). In particular, Ky = Y ¢>oH?
for HY =" H1! = K1' = K, where 1%(s) = 1 for
s < t and 1t (s) = 0 otherwise, and both K and £ (K)
are represented by locally L2 and L adapted functions

k° (t) € bt and a3 (t) € £ (b?).



The [t6 «-algebra of an HS bi-module

Given a t-subalgebra M C £ (K) of adjointable opertors
on K = K, we extend it to a nonunital x-algebra A =
LXICox K x M of the quadruples a = (ajr, ao , a3, ag)
with a* = (ajj, aj,ao Jr, aoT) and It6 product

a b= (a;bi, as b2, alby, al g).
It is induced by the matrix representation a - b — ab in
the {-algebra £ (K) of the adjointable operators

0 as al 001
a= |0 ag aj ,ai:IaTI,I: 010
0 0 O 100

on the pseudo HS module K=£L£&K 69 L of k =
(q, ko,p)i. with respect to the [-valued inner product
kik .= qu + k:oki + qu = k'Ik.

The x-algebra 2l ~ A with M = £ (K) will be called
the It6 agebra of the right module ¢, denoted [ (K). Note
that the operators a are continuous on each K¢ = K1?
w.r.t.

%[ = llall, I1%1° = [[&°]], 1)~ = [p]] -



The completeness of [to6 algebras

Let us fix Ké — H = K? as Hilbert D-module with

Ih°]l = {/(1]hoh®) = ||ho|l. Then the algebra [(H)
Is complete w.r.t. the uniform topology induced by a

quadruple (||-||“)5= ;fj of the seminorms ||al|2 = [|ag]],
Nalls = [as ]|, llalT = |3

Note that (||a||¥) = 0 < a = 0 and the B*-property

la-a*|| = lallg la*[5, lla-a*|s=llalllla*|s-
A *-subalgebra B of [(H) is called B*-algebra if it is
complete in ||-||s and the /té6 B*-algebra if it is an ex-
tension B D LeT of its projection £ = B, given by
a unital modular subalgebra G = L, C D represented
also in B by g5 € B3 C S(H) Here e stands for the
nilpotent matrix representing e = (1,0, 0, 0).



The general and abstract B*-algebras

The abstract B*-algebra A is defined similarly to C*-
algebra as a Banach x-algebra with respect to the quadru-
ple seminorm separating A in the sense ||a\|5i;’§ =
0 = a = 0 and satisfying the four inequalities
(lla- bl < llallB[Ibl7), =0

for all @, b € A with the %-property ||a*||", = ||a,||'i“
and the two equalities of the B*-property for a = b. The
abstract Ité algebra A with | = % naturally has B*-norm
if 1 € 0, defined by: (i) 3 an embedding E (I) C A of
the projection [ = € (A) into A aseo E = id s.t.

E(IN=EW*, E())A=0=AE(l) V€],
(ii) The triviality of the x-ideal 7 = {b € A} s.t. VI € [
[(b)=1l(a-b)=I(b-¢c)=1(a-b-c)=0Va,c.

Theorem There exists unique, up to Ut = U1 isomet-

. . __’O .
ric x-representation 1 = (zﬁ)“ of A in the operator
V=

algebra [(£) of a minimal HS 0-module £ generated by
i% (A) = io (A)T with i3 (A) C £(¥) and i} = € and
U=I+Kgiven by K[ (¢t — ) for the ¢/ ~ ¢.



The germ-algebra and its commutant

Thehe germ-algebra & = GI + B over G for the It6 *-
algebra *B is well-defined by the triangular {-representation
G =gl+bforge Gandb € B in terms of (g, b)
with b = (B, b, b, b;), where B = b2 + ¢°, by

(9:5)- (g%, 0") = (99", b+ "),

b+ b* = b b*+ (0,624, gbT b7 g + gbj) .
Let B C [(£) be an operator Itd algebra representing on
k the general It6 algebra 5 with 5, C 9. It is called the
achieved 1t6 algebra on k if & = GI+°*B is the adjointable

commutant of another gerrm-algebra § = FI+X%l over a
multiplier t-subalgebra F = £ Ql;)

beB < [GI+ b, FI 4 2] = 0.

Note that the commutant of § = FI4+2 with F = £ (0)
is the germ over G = £ (C) with B = Ch. In particular,
A = [(®) is achieved and its germ-commutant is given by
the trivial achieved Ité algebra B = LeT with £ = C"
embedded into £ (K) by the nilpotent matrix e’ rep-
resenting the death element e™ = (1,0,0,0) projected
onto1l € [ by e.



The Lévy-1t6 algebra of thermal noise

If K is genrated by the germ-algebra § = FI+2 on all
c = (c,O,O);t for ¢ € ¢(0), then the germ-commutant
& is faithfully given on the right C® = K, of ¢ = ci by
a b-algebra Ky = C x I, X CY embedded into k¥ = 9 x
K x 9%, The product k- k” and (c, k,1)" = (c*, K, 1*),

wherece C, kc K, 1 € Ch, are defied Vk = ¢ by
k> = (c*,0,0)GY, k-k” = (cc*,0,0) GG VG €6,

(k-h’|k) =k (k-h) = (klk-h)ecC! Vh, ke K, .

The corresponding It6 f-algebra B = & & G, given by
the pairs b = (k, 1) of IC) X C% = b embedded into K,
as (0,b), is called the thermal noise Lévy-Ité algebra.

Note that K () = C x I, (5r) x C is right Krein
algebra given on the spectrum X of C by a right Hilbert
(Tomita) algebra IC;, (5r). However, unlike Tomita, we do
not assume that the subalgebra ICE is dense in K}, for any
»x € X. In particular, k-h =0V k, h in the Heisenberg
modular algebra ‘B describing a quantum Wiener noise
by IC,. The Tomita case (K, 2 1, say) corresponds to a
quantum Poisson noise (with finite A = (1|1}).



The It6 algebra of adapted integrands

Take C = UC? (X) as the projective limit C = Y;~oC? of
the increasing unital quotients C! := C (Xt) < Co (X)
on the compacts X = {sr € X : 7 () <t} of X =
UX? by a conti#nuous surjection 7 : X — R4 w.r.t.
a nonatomic measure (1|c) = [ c(sr) dse. It defines the
dominating identity 1 € [ and ci= vyl (Xt). Assume
that lC’b5 = YlCﬁ given by the unital b-subalgebras ICEf C
C (Xt o K;) of L?-functions k () = ks € KbT(%),
k” (;r) = K’ into an increasing family (Kbt) of unital
right Hilbert algebras Kbt C H? in the sections K () =
HT() of increasing Hilbert spaces Kt C L2 (Xt — Kt)
for I = YICt. This deines the thermal It algebra B of
adapted integrands K (t) € (K X KJ ® K, X L)t with
[t =11 (Xt) and increasing vN algebras K generated
on H' by operators K : h+— h -k = hK for all k € K,
ht € Ht if the sections X (t) = 771 (t) = X! are
projectively increasing, X° < X! Vs <t,st. L$ C Lt
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